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LEIBNIZ RULE ON HIGHER PAGES OF UNSTABLE SPECTRAL 

SEQUENCES 


SERGEI O. IVANOV, ROMAN MIKHAILOV, AND JIE WU 

Abstract. A natural composition © on all pages of the lower central series 
spectral sequence for spheres is defined. Moreover, it is defined for p-lower 
central series spectral sequence of a simplicial group. It is proved that rth 
differential satisfies a “Leibiz rule with suspension”: (F{aQab) = ±d'"aQb + 
a 0 (Fab, where a is the suspension homomorphism. 


1. Introduction 

It often happens that, different spectral sequences, which play a fundamental role 
in algebraic topology, have additional structures like smash and composition pair¬ 
ing, Whitehead products etc. In particular, the main homotopy spectral sequences 
such as Bousfield-Kan and Adams spectral sequences have a composition pairing 
[ 3 . In the stable range the composition for the homotopy spectral sequences are 
introduced naturally. For the unstable spectral sequences the situation is different. 

In a practice, any additional structure on a spectral sequence gives a lot of infor¬ 
mation on its differentials. In this paper, the authors discuss mainly the spectral 
sequences arising from filtrations and consider general properties needed for the 
definition of composition in the unstable case. 

The main motivating example is the following. For a simplicial group G, and an 
odd prime p, let E{G, Fp) be the p-lower central series spectral sequence (see 
m)- For a simplicial set X we set E{X,¥p) = i?(F[A],Fp), where F[A] is Milnor’s 
construction. It is well-known that E{X,¥p) ^ 7 r*(EA,p), for ’good’ spaces X, 
where 7 r*(EA,p) is the quotient of 7 r*(EA) by prime to p torsion [3] (we use F[A] = 
GEA, where G is the Kan’s loop functor). Moreover, £’(S'^”,Fp) is described on 
the language of the lambda algebra [2]. Denote E{S*,¥p) = 0 ->2 IFp)- We 
show that ((Theorem I, 3. 6|1 for r > 1, there exists a well-defined map 

© : E"(G,Fp) X E’-(5*,Fp) ^ E"(G,Fp), 

such that for elements a G E^;(G,Fp) and h £ Elj.{S*,¥p) the following Leibniz- 
like rule holds 

d^{a 0 ab) = (—l)*'''*d’'a 0 & -I- a 0 d'"ab, 

where a is the suspension homomorphism. Moreover, this composition coincides 
with the multiplication on the lambda algebra. 

This composition operation is a consequence of the more general result. 
Theorem 13.21 which is formulated in a general setting, for a filtered monad over 
Milnor’s construction on a pointed simplicial set and the Kleisli composition. Such 
a general approach allows to introduce a natural composition on different unstable 
spectral sequences defined via filtrations of simplicial groups. 
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2. KlEISLI composition AND SUSPENSION HOMOMORPHISM 

2.1. Kleisli composition. Let (A4, rn,e) be a monad on the category of pointed 
sets A4 : Sets, —^ Sets*, where m : A4^ —>■ A4 is the multiplication morphism and 
e : Id Af is the identity morphism. Let A be a Al-algebra in Sets* with the 
structure morphism nT^ : A4A —>■ A and X^Y he a. two pointed sets. Then we 
define the Kleisli composition (see VI.5 of [TOj) as follows 

Sets* (V, A) X Sets* (V, AtV) —Sets*(V, Al) 

(/, g )'—t o Mf og=: fQg. 

This map is natural by Y and A. In other words, if h : V' —> V is a point-preserving 
map and a : A ^ A' is a homomorphism of Al-algebras, then 


( 1 ) 

if Qg)oh = f Q{goh) 

and 


( 2 ) 

ao{f Qg) = {ao f)Q g. 


The first equality is obvious. The second holds because ao{fQg) = aom^oMfog = 
m^oAdaoAifog = oAi{aof)og = {aof)Qg. Hence we can write compositions 
ct o f Q g o h without brackets. 

Extend the monad (Af, m,e) on the category of pointed simplicial sets <S* : 

Af : 5* —5- 5*, 

and extend the Kleisli composition 

0 : 5*(A, A) X S^{Y,MX) 5*(y, A), 

by the same formula, where X,Y S 5* and A is a simplicial Al-algebra. It is easy 
to see that the properties CD and ([2|) still holds. 

Consider the case of V = A[m]+ = A[to] U *. Since 5*(A[m]“'', A) = Am and 
5 *(A[to] + , AIA) = MXm we get a map 

(3) Q:S4X,A) X MXm^ Am- 

Lemma 2.1. Let A be a simplieial M-algebra and f G iS*(A, A). Then 

/ 0 - -.MX^A 

is the unique morphism of simplicial Xi-algebras such that {f Q —) o = f ■ In 
particular, di{f Q g) = f (D dig and Si{f Q g) = f Q Sig for all i and g G XiX. 

Proof. First we prove that / 0 — is a simplicial map. Indeed, consider the coface 
map d®: A[n] —>• A[n -|- 1 ]. Applying ([T]), we get 

Mf 0 5) = (/ © d) o MV = fQ{go MV) = / 0 d^g. 

Similarly we obtain Si{f Q g) = f (D Sig. 

Prove that / 0 — is a morphism of Al-algebras. We have to prove the equality 

o M{f 0 -) = (/ 0 -) o mx- 
Note that f Q — = o Mf - Then 

oM{f 0 -) = o mM o jMf = 

o m .4 o Ml?f = o Mtf o mx = {f Q —) ° 

Thus / 0 — is a morphism of Al-algebras. 
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Since A4X is a free Af-algebra generated by X, any morphism of Af-algebras 
A4X —>■ is uniquely defined by the composition X % A4X A. Since 

(/ © -) o ejf = / © ex = o Mf o ex = o o / = /, 

we obtain that / © — is the unique morphism of simplicial algebras such that 
(/©-)oex = /. □ 

Denote by i„ the non-degenerate n-simplex in A[n] and its image in S'”. If we 
take X = A[n]''" and X = S”, and use that S*(A[n] + , A) = A„ and 5*(S", A) = 
ZnX = {x G A„ I diX = * for 0 < z < n} we get the following corollaries. 

Corollary 2.2. Let A be a simplieial M-algebra and a G A„. Then 

aO- : Al(A[n]+) A 

is the unique morphism of simplicial Ad-algebras that sends ei„ to a. In particular, 
di(a © x) = a © diX and Si{a Q x) = aQ SiX for all i and x G Al(A[n]). 

Corollary 2.3. Let A be a simplieial A4-algebra and a G ZnA. Then 

a©-:M(S”)^A 

is the unique morphism of simplicial Ad-algebras that sends ei„ to a. In particular, 
di(a © x) = a © diX and Si(a Q x) = aQ SiX for all i and x G Ad(S"). 

Example 2.4. Let E[—] : Sets* —>■ Sets* be the functor that sends a pointed set X 
to the group with generators X and with one relation * = 1, where * is the base 
point of X. The definition of F on morphisms is obvious. This functor has the 
natural structure of a monad (F, m,e), where mx : .F[.F[A']] —?■ F[A] is given by 
’coneatenation’ of ’strings of strings’ and ex : A —>■ F[A] is the map to generators. 
The map ex universal point-preserving map from X to a group. Actually, F[X] is 
a free group over X \ {*}, but this definition is not so good for morphisms. The 
extension of F[—] on the category of simplicial sets 

F[—] : <S* —S* 

with the natural morphisms mx : -F'[F[A]] F[x] and ex : A —>■ F[A] is the 
monad o/ Milnor’s construction. An F[—]-algebra is a simplicial group. It 
follows that for any simplieial group G the Kleisli composition gives the maps 

© : Gn X F[A[rz]^]m - > Gm, © : ZnG X F[S"]m - > Gm- 

Similarly one ean define the abelian version of this monad Z[—], Lie ring (over %) 
version C[—] and p-restricted Lie algebra overFp version ]. 

Assume now that At is a monad with ’a natural structure of a group’ on AdX. 
More precisely, assume that we fix a morphism of monads F[—] ^ Ad. In particular, 
any A4-algebra A has a structure of a simplicial group. It follows that the set 
S*(A, AdF) has a structure of a group given by {gi ■ g 2 ){x) = gi{x) ■ 52(2:). Using 
that Adf and are momorphisms of simplicial groups, we get 

(4) /© (51 ■ 32) = (/©5i) • (/0 52) 

for any / G iS*(A, A) and 51,1/2 G <S*(A, A4A). Indeed, 

(/ © {91 ■ 92)){x) = vn^{Adfiigi{x) • 52(2;)))) = 

m"^(Ad/(5i(x))) • m^{Adf{g 2 {x))) = ((/ © 51) • (/ © 52))(2:). 
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Note that in general (/i ■ f 2 ) Q g is not equal to (/i © g) ■ (/2 0 g). 

Since an A^-algebra >1 is a simplicial group, it is a fibrant simplicial set. Then 
[Y,A] = Ssi(Y,A)/ where ^ is the homotopy equivalence. It is easy to see that 
if {hi\ is a simplicial homotopy between simplicial maps g,g' S 5*(X, Al), then 
{Mhi} is a homotopy between simplicial maps Mg, Mg' & S^:{MY,MA), and 
hence, M induces a well-defined map \Y,A\ [MY,MA\. It follows that in this 
case the Kleisli composition is well-defined on the level of the homotopy category: 

0 : [r,A] X [X,MY] [X,A]. 

If we take X = S'", Y = S'", then we get the map 

( 5 ) © : TTnA X TTnMS" )> TTmA. 

The equation ([21) implies that an element x G TTmMS" a gives a map — Q x : 
TTnA TTm, which is natural by A. In other words, \i a A ^ B is & morphism of 
Al-algebras, then 

( 6 ) (TTma){aQx) = {TTna)aQx 

for any a G tTuA. 

Despite that the left distributivity does not hold in general for ©, we have the 
following lemma that partially substitute the left distributivity. 

Lemma 2.5. Let M = T[—], G is a simplicial group and H <1 G is its normal 
simplicial subgroup. Denote by ,iJ) the image of H) in 5*(—,G'). If 

f G S,{Y,G), h G iS,,{Y,H), g G 54X,F[r]), then 

((/ ■h)Qg)-{fQ g)~^ G H), 

{{h • /) O 5) • (/ © g)~^ G H). 

Proof. Consider the canonical projection a : G ^ G/H. Then a o is trivial and 
<xo{f-h) = aof. It follows that oit:{{f ■h)Qg) = ao[f ■h)Qig = aofQg = C(^.{f(i)g). 
Using that the sequence I —>■ 5*(X, H) <S*(X, G) ^ G/H) is exact, we get 

the required statement. □ 


2.2. Suspension homomorphism. For a pointed simplicial set X we always as¬ 
sume that X-i = * and do ^ ^0 X-i is the unique map. There are two versions 
of the suspension and the loop space of a pointed simplicial set that are opposite 
to each other. We prefer the following (as in M)- For X G 5* we denote by YX 
the a pointed simplicial set such that 


{YX)n = {(x, k) \ X & Xn-k and 0<fc<n-|-I}/ 

where ~ is identifying of points (*, k) and {x, 0) with the base point (*, n + 1). For 
X G Xn-k we define 


di{x, k) = 
Si{x, k) = 


{diX, k), 0 < i < n — k 

{x,k — 1), n — k < i < n 

{siX, k), 0 < i < n — k 

(x,k + 1), n — k < i < n 

By PX we denote the simplicial path space which is given by 

{PX)n = {XG Xn+1 I {doT+^X = *}, 
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and di,Si for PX are induced by di and Si for X. The simplicial loop space VtX is 
a simplicial subset of the path space PX, which is given by 

{flX)n = {x & Xn +1 I {do)'^~^^x = * and dn+ix = *}. 

These functors are adjoint T) = St{X,ilY), and hence St,(TjX,Y) is iso¬ 

morphic to the set 


[{H :X^^ y„+i 

}n>0 I 

d,H = Hdi, s,H = Hsi, dn+iH = (do)"+^i? = *, 0 < i < n|, 

where the isomorphism is given by / i-A Hf, where Hf{x) = f{x,l). Let M : 
Sets* —?> Sets* be a functor such that M[*) = *. We extend it to the category of 
pointed simplicial sets 5*. Then there is a map 

: 5*(EX,y) ^ S^{YMX,MY) 

that sends the morphism corresponding to a collection {H : Xn Yn+i} to the 
morphism corresponding to the collection {AiH : AiXn AdT„+i}. Consider the 
map : YMX —> MXX which is given by s-^ = It gives a 

natural transformation 

(7) -.EM ^ MS 


It is easy to check that 


(8) $^^/ = X/os^. 
Moreover, if M and M are two such endofunctors, then 

(9) 


(f>A^ o 

^MX,Mr ° ^X,Y — ^X,Y ) 


and if : At —>■ A/" is a natural transformation, then the following diagram is 
commutative 


( 10 ) 


SM SM 


MS MS 


The equalities ([8]) and ([9]) imply the following 

( 11 ) =Ms^ os^M. 

The map 

CT : S^{X,MY) —^S4SX,MSY) 

given by af = oSf is called suspension homomorphism with respect to M. 

Lemma 2.6. Let (At, m,e) be a monad on the category Sets* such that At(*) = *. 
Then for anyX,Y,Z(^S^ and f & S^,{Y,MZ), g S^:{X,MY) the following holds 

erf Q erg = cr{f Qg). 
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Proof. Denote s = Using CD, we get = A^s o sAl. Since m : —?> is 

a natural transformation, using (nnD, we get mE o = s o Em. Combining these 
equalities, we get mE o Ais o sA4 = s o Em. Using this equality and the fact that s 
is a natural transformation, we obtain 

O'/ O CT5 = msz o Afsz o AIE/ o o Eg = 

msz o Msz o MTif o o Eg = m^z o Afsz o smz o SAd/ o Eg = 

Sz o Emz o EAd/ o Eg = Sz o E(mz o Mf o g) = a{f 0 g). 

□ 

Remark 2.7. Lemma \2.6\ means that E induces a functor on the Kleisli category 
associated with the monad (Ad, m,e). 

Suspension homomorphism can be defined on the level of the homotopy category 
(T : [A, AdU] —>■ [EA, AdEU] by the same formula. If A = S'™, A = S" we get the 
map 

a : TTmMiS^) ^™+iAl(S"+i). 

Remark 2.8. It can be checked that our definition of suspension homomorphism 
coincides with the one given in [7] if MX = .y#(Z[A]), for a functor .Jf : Ab —>■ 

Ab Sets.. 

2.3. The section r : M{S^)m —t AI(A[n] + )m- We denote by i„ the non¬ 
degenerate n-simplex in A[n] and its image in S". Consider the map r : (S")m —> 
(A[n]“'')m given by T(si^ ... Si^_^in) = ... Si^_^in and r(=i=) = *. It is not a sim- 

plicial map but it commutes with degeneracies and it is a section of the projection 
P^m ■ (A[n]+)™ ^ (S”)„. 

Let (Ad, m,e) be a monad on the category Sets, such that Ad(*) = *, and as 
usual we extend it on the category of pointed simplicial sets S.. Applying Ad to 
T : {S'^)m -S' (A[n]+)m we get a map 

T : MiS^)m ^ MiA[n]+)m 

that we denote by the same symbol. Consider the adjoint map s(^ : Ad A — flMUX 
to the map ©. If we take A = S", the simplicial homomorphism induces the 
following morphism of Ad-algebras 

Lemma 2.9. Let A be an M-algebra and x G M{S^)m. If a & A„+i such that 
diO = 1 for 0 < i < n, then di{a 0 rsa;) = a 0 rsdtx for 0 < i < n and 

dm+i{a 0 rsa;) = dn+ia 0 tx. 

Proof. The path space PA is still a simplicial Ad-algebra, and hence we can consider 
the unique momorphism of simplicial Ad-algebras ipa ■ M{S‘^) PA such that 
V'a(ein) = a (see Corollarv l2.3l) . Prove that V'a(as) = a&rsx, where a is considered 
as an element of and x € M(S^)m- Since both the maps M(S^)m —t {PA)m 
are morphisms of Ad-algebras, it is enough to check that the compositions (S"')m 
Ad(S'")m ^ {PA)m are equal. Indeed, for y = Si.^^ ... Si^_^ G {S‘^)m we have 
ipai^y) = Sij ... Si^_^a = aQ rsey. Thus ifa = aQ ts(—), and hence a 0 ts(— ) is a 
simplicial map. It follows that di{a 0 tsx) = aQ rsdiX for 0 < * < n. 
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Prove the last equality. Since both maps dm+iia © ts(— )) and dn+ia © r(—) 
are morphisms of Ad-algebras, it is enough to prove for x = ey, where y G 
For an element of the form y = Sjj ... Sm-n^n we have that ij < m — j + 1. It 
follows that dm+i{aQTsey) = dm+iSi^Si^ ... Si^_„a = Si^djnSi^ ... Si^_^a = ... = 

Si^Si.^...Si^_^dn+ia = dn+iaQTey. □ 


3. Multiplicative unstable spectral sequence 

3.1. General lemma about simplicial groups. If G is a simlicial group, we 
denote by NG its Moore complex, where NnG = Ker di and d : NnG —> 
Nn-iG is induced by do- By Z„G we denote the group of Moore cycles ZnG = {g & 
Gn I dig = 1 for 1 < i < n}. If id is a normal simplicial subgroup of G, we get the 
boundary map 5 : 7 r„(G/ii) 7 r„_iid. If 5 G iV„G such that gH G Zn{G/H), then 
6 {[gH]) = [dod]- The following lemma is a generalisation of this equality. 

Lemma 3.1. Let G be a simplieial group, H he its normal subgroup, S : iVniG/H) 
—>■ 7 r„_iid be the boundary map, g G G„ such that dig G Zn-iH for all 0 < i < n. 
Then 

n 

d{[gH]) = Y,{-iy[d,g]. 

i=0 


Proof. Consider the sequence of elements ... ,go, where gn = g and gj = 

gj+i ■ {sjdj+igj+i)~^. We claim that dipj = 1 for j < i < n, digj = dig for i < j, 
and 

for some permutation tt = iTj of the set {0, 1,... ,n — j}. Moreover, we claim that 
9 jH = gH. 

Prove it using descending induction by j. It is obvious if j = n. Assume that it 
is true for j -f 1 and prove for j. If j -|- 1 < i < n then 

^i9j ~ ^i9j+l ‘ ^i^j^j+l9j.\-l ~ ^i^j^j+l9j.\-l ~ ^jdi—l^j+l9j.\-l ~ ^j^j+l^i9j.\-l ~ 1 - 
If z = J -I- 1, then 

dj+i9j = dj+iPj+i ■ dj+iSjdj+igj^^ = dj+igj+i ■ dj+ig^^^ = 1. 

If i < j, using that diSjdj+i = Sj_ididj+i = Sj-idjdi and that dig G Zn-iH, we 
get 

d^gj = d^gj+i ■ d,Sjdj+ig~_^.^ = d,g ■ Sj_idjd^g-^ = d,g. 

If z = j, we get 

dj9i = djPj+i ■ djSjdj+ig-^^ = d^g ■ dj+igjl^ = 

_ (_l)77(n-j-l) + l (_l)7r(0) + l _ 


djg • dj^i^-j^^n—j—i)9 ‘ ... ‘ 

^j-\-'^{0)9 * • . . . * 1 

where 7r(0) = 0 and 7r(fc) = 7r(n — j — d) -|- 1. Since tt is a permutation of the set 
{0,..., n — j — 1}, TT is a permutation of the set {0,..., n — j}. Using the above 
presentations of digj, we see that diPj G Z^-iH. In particular, Sjdj+igj+i G id„, 
and hence, pjH = gjj.iH = ■ ■ ■ = gH. 

Therefore, we have that go G NnG, goH = gH and 

do5o = d^(o)ff^ •’ • d^(i)g^ > ■ ... ■ d^(n)g'' > 
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for some permutation tt of the set {0,... ,n}. It follows that S{[gH]) = S{[goH]) = 
[dogo] = 

□ 

3.2. Spectral sequence given by a filration of a group-like monad. Let 

(A4, m,e) be a monad over ] (with a fixed morphism of monads ^ A4) 

on the category of Sets*, where ] is the monad from Example l2.4l Assume that 
A4 is filtered by a sequence of subfunctors 

MX = doX 2^iX DS 2 X 2 ■■■ 

such that ^iX is a normal subgroup of MX and the multiplication morphism 
m ■. M^ ^ M induces a morphism 

( 12 ) 

This filtration induces a filtration on the extended monad AI : <S* ^ 5* with the 
same properties. 

We put £,iX := ^,X/Si+iX, £*A: = and S^X = ©i>ol?jA. It is 

easy to see that the structure of monad on M induces a structure of a monad 
on £*. If A is a simplicial Ad-algebra with the structure map nV^ : MA —s- A 
the filtration ^ defines a filtration on A given by fiA = ny^(5^iA). We put fiA = 
= 0 i>o fiA and I*A = 0j>o fiA. Then [*A is an algebra over the 
monad £*. Further, we denote by C(A,M) the associated homotopy exact couple 
(Z1(A, M), B{A, Ad), a, /3, <5), where D{A, Ad) = 7r*f*A and B{A, Ad) = 7r*[*A. The 
associated spectral sequence we denote by if (A, Ad). We are using the following 
indexing EA{A, M) = TTjkA, and hence the differential on the rth page acts as 
follows : ElifA.M) M). 

If A = Adif for a simplicial set X, we denote C{X,M) := C{MX,M) and 
E(X,M) — E{MX,M). The suspension homomorphism induces a morphism of 
exact couples a : C(X,M) —)• C(EA, Ad). Then we have if^(A, Ad) = 7 r*£*A and 
the suspension morphism induces a morphism of spectral sequences 

cr : E{X,M) E{i:X,M). 

The spectral sequence is obviously functorial by Ad i.e. if Ad —?> Ad' is a mor¬ 
phism of filtered monads over F[—] then we get a morphism of spectral sequences 

E{X,M) ^ E{X,M'). 

Consider the direct sum of spectral sequences E{S*,M) = 0 „> 2 ■^)- 
we denote 7 r*£*(S'*) = 0„>2 7r*ll*(>S'"), we get 

E\S*,M) = 7r*£*(S'*). 

The Kleisli composition with respect to C induces an operation 

0 : 7r*[*A X 7r*£*(S'*) —^ 7r*[*A 

that vanishes on non-composable homogenious elements. Using (|1]), we get x(-){y + 
z) = xQy + xQz, but we do not state that the map is bilinear, and so we do not 
assume that 7 r*£*(S'*) is a ring with respect to ©. The suspension homomorphisms 
give an endomorphism 


a : 7r*£*(S'*) 


7r*£*(5*) 
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such that a{a+b) = aa+ab and cr(aOb) = aaQab. Moreover, we get the suspension 
endomorphism of the spectral sequence 

that consists of components a : ^ A^). 

Theorem 3.2. Let A be a M-algebra. Then the Kleisli composition 0 induces a 
well-defined map 

© : E^A,M) X E^S*,M) E^{A,M), 

and for elements a £ EJii(A,A4) and b £ ifj Ad) the following Leibniz-like 
rule holds 

(13) d''{a © ab) = {—iy~^^d'"a © 6 + a © d'"ab. 

Proof. For the sake of simplicity we put E{A) = E{A, Ad) and E{S*) = E{S*,M). 
Denote 

= Im^7r;(ffcA/ffc+rA) —TrdfcA^ = Ker^TrdfcA TTi^i{fk+iA/fk+rA)^, 
where <5 is the boundary map associated with the short exact sequence 
1 fk+lA/fk+rA —^ fkA/fk+rA —^ ikA —> 1, 

and 

Bl i{A) = Im(^7r;+i(ffc_^+iA/ffeA) = 

Ker(|7rdfcA —s- ^{^k-r+iA/^k+iA)^ , 
where <5 is the boundary map associated with the short exact sequence 

1 —>■ IkA —> ^k-r+lA/’^k+lA —>■ ^k-r+lA/^kA 1 . 

i:LenEiyA) = ZiyA)/Bl^{A). 

Prove that © is well-defined on the level of Z'^. Using the property (IT^ . we get 
that the map m ; Ad^ —>■ Ad induces the map 

^kk-\-r ^s s-\-r t ^k-\-s k-\-s-\-r ■ 

Hence we get a well-defined structure of a monad on ®j>o Consider el¬ 

ements a £ Zli{A) and b £ Zf^{S'^). It I ^ m, the composition vanishes, so we 
assume that I = m. By definition of Z’’, there exist elements a £ 'Km{fkA/^k+rA) 
and b £ TTt{SsS'^/^s-^-rS'^) that lift a and b. Then their Kleisli composition 
aQb £ nt^k-i-sA/fk+s+rA) with respect to the monad 0j>o dj/^j+r lifts the Kleisli 
composition aQb £ ntlk+sA, and hence a © 6 G t(^)- Thus © is well-defined 
on the level of Z''. 

In order to prove that © is well defined on the level of £’’’ we have to prove that 
for elements x £ B^^{A) and y £ Bg f(S”^) we have 

(a + a;) © (& + y) - a © 6 e 
Using the right distributivity ([4]), we get 

(a + u) © (6 -|- u) — a © & = (a + u) © 6 + (a + u) © u — a © &. 

Hence, it is enough to prove that aOv £ S^+,^t(A) for any a £ Zy^(A) and 
u G Bf.iS"^), and (a + u)0b-aQb £ B^^^JA) for any a G Z^JA), b £ 
and u £ Bl i{A). 
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Prove that aQv€ ^{A) for any a G ^ ^ Consider 

a lifting d G ZmifkA/fk+rA) of a and an element v' G Nt{^s-r +,lsn/^s+iisn) 
such that V = d^v' lifts v. Then by Corollary 12.31 di{d Q v') = a 0 div', where 
0 is the Kleisli composition with respect to 0j>o Thus di{d Q v') = 1 

for 1 < i < t + 1 and do{d Q v') = d Q v lifts the composition a Q v. Hence 
a 0 u G 

Prove that (a + 'u)0& — a0&G Bl^^ ^{A) for any a G ZJ^^^(A), b G and 

u € Bl ^{A). Consider the embedding a : —>• f^-r +iA/f,+,A. Then Bl^{A) = 

Ker(7rma) and = Ker(7rja). Using ([5]), we get 

{-Kta){{a + u)Qh — a(Ah) = {'Km<y){a + it) 0 6 — {-KraOi)a Qb = 

{TTjna)a Qb — {TTmCt)a O b = 0. 

And hence (a + u )06 — a 0 &G ^(A). Therefore, 0 is well-defined on the level 
of A’'. 

Prove the Leibniz rule (fT^ . Let a G E^^^A) and b G UJ((5'™). If m 7 ^ / — 1, 
then both parts of the equation dni) are equal to zero, hence we can assume that 
m = I — 1. Consider d G fkAi that lifts a such that did = 1 ior 0 < i < I — 1 and 
did G ffc+,.Ai_i; and consider b G such that dib = 1 for 1 < i < t and 

dob G ^s+r{S’'~^)t-i- Since the filtration ^ is defined on the level of pointed sets, 
we get Tsb G l?s(A[/])t+i. Consider the element d 0 rsb G ffe+gA^+i that lifts the 
element aQ ab € Ek+s,t+i (A). Then by Lemmawe obtain that di{d 0 rsb) = 1 
for 1 < 1 < t — 1, (io(a 0 Tsb) = a 0 rsdob and dt{d 0 rsb) = did 0 rb. The element 
d 0 Tsdob lifts the element a 0 d'^af], using Lemma 13.11 we get that the element 
did 0 rb lifts the element {—lYd'^a 0 b. Finally, using Lemma [3.11 for the element 
d 0 Tsb we obtain dl'{a 0 ab) = (—l)*+*d’’a 0 & -b a 0 dTab. □ 

Example 3.3. Consider the p-accelerated p-lower central series on the Milnor’s 
construction F[A] = 0 7 ],^^[A] 0 7 p^^[A] 0 ... This filtration gives the 

aecelerated p-lower central series spectral sequence E{X,¥p) [ 5 ], [ 3 ] for a simplicial 
set X. If G is a simplicial group (=simplicial E[—]-algebra), we have the spectral 
sequence E{G,¥p) which is associated to the p-accelerated p-lower central series 

G = 7 pO^(G') 0 7 p^^(G') 0 l^p}{G) 0 _ We refer to this spectral sequence as a 

p-LCS spectral sequence. Then Theorem \3.S\ states that the Kleisli composition 
induces a well-defined map 

0 : E^{G,¥p) X E"(5*,Fp) ^ E^{G,¥p), 
and the property 031 ) holds. In particular, the map 

0 : E^{X,¥p) X E"(5*,Fp) ^ E"(A,Fp) 
is well defined and satisfies the property m- 

Example 3.4. Consider the p-accelerated (integral) lower central series F[X] = 
71 [A] 0 7 p[A] 0 7 p 2 [A] 0 .... IFe denote by E{X,p) the associated spectral 
sequence. Since 7 pi[A] C ^^}[X], we get a morphism of spectral sequences: 

E{X,p) ^ E{X,¥p). 

Example 3.5. Let Z(p) = {a/b G Q | 6 is prime top}. Denote by [—] : 
Sets* Sets* the "Zf^pycompletion of the group F[X\ (see [5]j. The structure of a 
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monad on F[—] induces a structure of a monad on -Fz(p)[—]■ Since completion 
is an exact functor, we have [^] is the Zf^py completion o/tt^+iSX. Consider 

the p-accelerated lower central series filtration on this monad. One could prove that 
the associated spectral sequence convergence to the Z(^pycompletion o/tt^+iEX. 


3.3. The lambda algebra for an odd prime p. In this subsection we remind 
the notion of the lambda algebra for odd p (see [2] with corrections in [3]). Let p 
be a fixed odd prime number. The mod-p lambda algebra [pj A = A is an Fp-algebra 
generated by elements Xt of degree 2(p — l)t — 1 for z > 1 and elements pj of degree 
2(p — l)j for j > 0. If we consider the elements a(fc, j),b(fc, j) € Fp given by 


j) 


(- 1)^+1 ( 
(- 1 ) 


{p- l){k-j) - I 

j 

{p-l){k-j) 

j 


and the elements N{k),N'{k) G Z given by N(k) = k — > N'{k) 

the ideal of relations of A is generated by the relations 


(14) 


N{k) 

E a(fc,j)A i+k—j ApZ+j , 

3=0 



N{k) N'{k) 

(15) Az/ipi+fc = ^ ( 3.(^k, j)Xi.\-k—jPpi+j F ^ ( b(A;, Apz-i-j 

3=0 3=0 

for i > I, /c > 0, and the relations 

N(k) 

(lb) piXpi.i^k+1 — ^ ^ a(/c, j)/ij+/i;—JApj+j-|_i, 

1=0 

N{k) 

( 17 ) PiPpiJ^-k+l = ^ ( ^{k, j)pi+k—jPpi+j+l 

3=0 

for i > 0, /c > 0. The differential 9 : A —5> A is given by 

N{k) 

dXk = ^ a.{k,j)Xk-jXj, 

1=1 

N{k) N'(k) 

dpk = X! ^ h{k,j)pk-jXj. 

3=0 1=1 

Further by we denote an element of {Xi, pi}. A monomial ... Ui, is said to 
be admissible if ik+i < pik — 1 whenever 1 /^^, = Ai^, and if ik+i tS pik whenever 
= t^ik ■ The set of admissible monomials is a basis of A. The unstable lambda 
algebra A(n) is a dg-subalgebra of A generated by admissible elements vp ... vp 
such that ii < n. We denote by A{n)m the subspace generated by monomials of 
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degree m in A(n) and by A{n)m,i the vector space generated by monomials of length 
I in A(n)m- Then 

tV(n)m,;, A(n)m = A(n)m,i- 

m,Z I 

Consider the left ideal of A : 

(18) AA = ^AA,. 

i 

The set of all admissible monomials Vi^ ... Vi^ such that Vi^ = Ai, forms a basis of 
AA. Further we put 

AA(n) = AA n A(n). 

The set of all admissible monomials ... Vi, such that Vi, = Ai, and Vi^ is one of 
the first n letters in the sequence /xo, Ai, /ii, A 2 , / 12 , ■ • ■ forms a basis of AA(n). This 
ideal is homogeneous and inherits the bigradding: 

AA(n) = 0 A\{n)m,h AX{n)ni = 0 AA(n)„,i. 

m,Z I 

3 . 4 . (Non)restricted Lie powers and the lambda algebra. Denote by C[—\ : 
Sets* —> Sets* the functor that sends a pointed set X to the unrestricted Lie ring 
(over Z) with generators X and with one relation * = 0. For a prime p similarly 
we define the functor [—] : Sets* —>■ Sets* that sends X to the restricted Lie 
algebra over Fp. They have natural structures of monad, and these monads can be 
extended to the category of simplicial sets: 

:' 5 * ^ 5 *. 

These functors have standard gradings 

£[X] = 0 /li [X], [X] = 0 rfl [X]. 

2>1 2>1 

The Kleisli composition induces operations on = 0yi>2 

The homotopy groups of C{S'^) can be described in terms of derived functors in 
sense of Dold-Puppe: 

7T^C,[S^] = (Z, n), 

where : Ab —Ab is the functor of fth Lie power (over Z) and .5^4 ■ 
Vect(Fp). It was proved in [5], [?] that, \ii ^ p^ for some I > 0, then (-S'")) = 

0 , and there is an isomorphism 

(19) = [p]A(n)m_2n,; 

for any I > 0. Moreover, the multiplication in the lambda algebra corresponds to 
the Kleisli composition: 

( 20 ) 7T2mC^P}[S^>^]X7T„C^P}[S^--] . 


X 


AX{k)jn-k,i X AA(to) n — 2m,t 


A.X(k^n — k,t-\-l 
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Daniella Leibowitz in 0 Prop. 2.5] proves that if i ^ p* for some I > 0 and a 
prime p, then 7rm(>Ci(*S'"')) = 0 , and there is an isomorphism 

( 21 ) TTraCpl[S^^]^[j,]AXin)ra-2n,l 

for any odd prime p and Z > 1. The simillar Moreover, the embedding Cpi[X] C 
induces the commutative diagram 

( 22 ) 


[p] AA( (7z/2j ) ^ [p]A{\jll‘2\)rn—n^l 

3.5. Unstable multiplicative p-LCS spectral sequence. Let p be a fixed odd 
prime. Consider the p-LCS spectral sequence E{G,¥p) fExample I3.3|) and denote 
E{X,Vp) = U(U[A:],Fp), E{S*,¥p) = 0„>2 ^^(5",Fp). It is proved in [3] that 

Ui(X,Fp) = 7r*£i^'[X] 

and, if X is connected and the homotopy groups TTi{'EX) are finitely generated, 
then 

i;;(X,Fp) =^> 7r,(EX,p), 

where 7 r*(SAr,p) is the quotient of 7 r*(SAr) by the subgroup of elements of finite 
order prime to p. In particular, if we take X = 5”^” and apply dl), we get 

^;l(52^Fp) = [p]A(n) ^ 

Theorem 3.6. Let G be a simplicial group. Then the Kleisli eomposition © induces 
a well-defined map 

0 : U"(G,Fp) X E^{S\¥p) E^{G,¥p), 

and for elements a € E^. ;(G, Fp) and b G i?J ((5'*,Fp) the following Leibniz-like rule 
holds 

d'~{a 0 ab) = {—lY'^^d^'a © 6 + a 0 d^ab. 

Proof. It follows from Theorem l3.2l □ 

3.6. Unstable multiplicative spectral sequence E{S*,p). Let p be a fixed odd 
prime. Consider the spectral sequence E{X,p) from Example 13.41 For a space X 
and the Milnor construction E[X], consider p-accelerated (integral) lower central 
series 

F[X]=j,[X]Djp[X]Djp4X]2.... 

Recall that [5], for all to > 1, 

(23) pTTm{Ei{S^)) = 0, for i p> for some j. 

Therefore, for a sphere S'", one has a natural isomorphism 


pTTm{C,pu{S^)) =p ^^(7p.E[S"]/7p.+i(E[S"])), fc > 1. 
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The following follows immediately from the description of the i?^-page of the lower 
central series spectral sequences ( [2] and i) 


irm{F[S-]hp{F[S-^]) = 

{ Z, m = n, 

Z © torsion groups of orders prime to p, if n is odd and m = 2n 
0 or torsion groups of orders prime to p, otherwise 


Observe that, the integral term in this description which corresponds to the Hopf 
element in 7 r 4 „_i( 5 '^"') maps trivially to the Z/p-torsion elements in the spectral 
sequence E{S*,p). This fact, of course, is well-known in homotopy theory and can 
be proved in different ways. For example, it follows from the functorial view on 
the spectral sequence E{S*,p). One can extend it to the case of wedges of spheres 
and consider the differentials in the spectral sequence as natural transformations on 
polynomial functors from the category of free abelian groups to all abelian groups. 
The Z-term in Hopf dimensions comes from the Whitehead universal quadratic 
functor r^, all the Z/p-terms in dimensions bellow the Hopf one come from additive 
functors — © Z/p and the needed statement follows from the elementary fact that, 
for any odd prime p, there are no non-zero natural transformations of the type 
—>• — © Z/p. Hence, 

pE{S-,p)^MS-+\p) 

Observe that, the property (l23ll can not be extended to more complicated spaces, 
for example. 


3^5/:6(5i V S^) = Z/3. 


Analogously with previous cases, we have 


Theorem 3.7. The Kleisli composition 0 induces a well-defined map 
0 : A"(^*,p) X E'^iS^p) E^{S*,p), 

and for elements a S Ef.i{S*,p) and b G Elj.{S*,p) the following Leibniz-like rule 
holds 

dL {a 0 ab) = {—Vf^^df a 0 6 + a © df ab. 

The statement of the theorem follows as before from theorem 13.21 and the de¬ 
scription of the Kleisli composition in terms of the lambda algebra. 
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